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Abstract. In this paper, we construct new examples of Veech groups by 
extending Schmithusen's method for calculating Veech groups of origamis to 
Veech groups of unramificd finite coverings of regular 2n-gons. We calculate 
the Veech groups of certain Abelian coverings of regular 2ra-gons by using an 
algebraic method. 



1. Introduction 

The Teichmiiller disk is a holomorphic isometric embedding of an upper-half 
plane H (or a unit disk) into a Teichmiiller space. All such embeddings are con- 
structed by flat structures on Riemann surfaces and SL(2, R)-orbit on fiat struc- 
tures. To study the image of a Teichmiiller disk into the moduli space, we consider 
the stabilizer of the Teichmiiller disk in the mapping class group. Veech |Vee89 
showed that this stabilizer is regarded as the group of all afhne diffeomorphisms 
on a corresponding flat structure and its action can be represented by a Fuchsian 
group which acts on EL The Fuchsian group is called a Veech group. 

The first non-trivial examples of Veech groups were given by Veech [Vee89j and 
Vee91 . His examples are constructed by gluing two congruent regular polygons 
along one side and identifying the parallel sides of the resulting polygons. How- 
ever, not so many examples are known other than Veech's. Recently, Schmithusen 
Sch04 showed an algorithm for finding Veech groups of "origami". An origami 
is an unramified finite covering of a once punctured torus constructed by a unit 
square. We apply her method to unramified finite coverings of regular 2n-gons 
instead of the unit square to obtain other examples of Veech groups. Veech groups 
of universal coverings play an important role in her method. We call these groups 
universal Veech groups. 

In this paper, we determine the universal Veech groups of 2n-gons and give 
an algorithm to calculate Veech groups of finite Abelian coverings of 2n-gons. In 
the case of origamis, Schmithusen connected the Veech groups of origamis with 
subgroups of SL(2,Z). She showed that the calculations of Veech groups stop in 
finitely many steps. In our case, for the Veech groups of Abelian coverings of 2n- 
gons whose degree is d, we connect them with subgroups of SL(n, Z<i). We show 
that the calculations of Veech groups of certain Abelian coverings can be done by 
using the corresponding subgroups of SL(n, Z<j). 
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2. Definitions 

Let X be a Riemann surface of type (g, n) with 3g — 3 + n > 0. 

Definition 2.1 (Holomorphic quadratic differential). A holomorphic quadratic dif- 
ferential <p on X is a tensor whose restriction to every coordinate neighborhood 
(U, z) is the form fdz 2 , here / is a holomorphic function on U. 
We define \ip\ to be the differential 2-form on X whose restriction to every coordi- 
nate neighborhood (U, z) has the form \f\dxdy if ip equals fdz 2 in U. We say ip is 
intcgrable if its norm 

IMI = jj x \v\ 

is finite. 

We fix an integrable holomorphic quadratic differential <p. Denote by X' the 
Riemann surface constructed from X by removing zeros of ip. 

Definition 2.2 (Flat structure). A flat structure u on X' is an atlas of X' which 
satisfies the following conditions. 

(1) Local coordinates of u are compatible with the orientation on X' induced 
by its Riemann surface structure. 

(2) For coordinate neighborhoods (U, z) and (V, w) of u with U PI V ^ <j>, the 
transition function is the form 

w = ±z + c 

in z(U n V) for some c e C. 

(3) u is maximal with respect to (1) and (2). 

The holomorphic quadratic differential ip determines a flat structure u v on X' 
as follows. 

For each po € X', we can choose an open neighborhood U such that 

= f V<P 

J Pa 

is a well-defined and injective function of U. This function is holomorphic in U 
since ip is a holomorphic quadratic differential. If (U, z) and (V, w) are pairs of such 
neighborhoods and functions with U H V ^ <p, then we have dw 2 = ip = dz 2 in 
UflV. Hence w = ±z + c in z(U n V) for some c £ C. The flat structure u v is the 
maximal flat structure which contains such pairs. 

Definition 2.3 (Affinc group of p). The affine group Aff + (X, ip) of the integrable 
holomorphic quadratic differential <p is the group of all quasiconformal mappings 
/ of X onto itself which satisfy f(X') = X' and are affine with respect to the 
flat structure u v . This means that for (U, z), (V, w) £ u v with f(U) C V, the 
homeomorphism w o f o z~ x is the form z i-> Az + c for some A € GL(2,R) and 
c e C. 

This A is uniquely determined up to the sign since u v is a flat structure. And 
A is always in SL(2,R) since \\ip\\ = J x \ip\ = J x f*(\<p\) = det(A)||v?||. Thus we 
have a group homomorphism 

D:Aff+(X,^)^PSL(2,R). 
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Definition 2.4 (Veech group of <p). We call T(X, ip) = D(Aff+(X, ip)) the Veech 
group of ip. 

Remark. Veech groups are discrete subgroups of PSL(2,R) (see |EG97j ). 
3. Examples of Veech groups 

In this section, we see two examples of Veech groups. The first example is a 
new example of Veech groups. The second one is the main target of this paper. 
The purpose of this paper is to determine Veech groups of some coverings of the 
second one. To do this, we need to determine the Veech group of the second one. 

Example 3.1. Let X be a surface constructed as Figure [TJ We induce an unique 
conformal structure on X such that the quadratic differential dz 2 on the interior 
of the rectangle of Figure [T] extends to a holomorphic quadratic differential ip. on 
X. Then X is a Riemann surface of type (2,0) and vertices of four squares be- 
come two points on X. These points are zeros of p of order 2. We can see that 

J \ j and ( I I 



define elements in Aff + (X,ip) as Figure [2l Hence 



r 



is a subgroup of the Veech group T(X, tp). Since 



every element in Aff + (X, ip) must preserve the set of all lattice points, T(X, ip) is 



a subgroup of PSL(2,Z). It is known that 



is the con- 



1 

2 1 

Hence T(X, ip) is either 



gruence subgroup of level 2 and has index 6 in PSL(2,Z 

r or PSL(2,Z). However, ( j !? J cannot be an element in T{X,p). Therefore 



T(X, ip) must be I\ 




Figure 1. 



The next example is given by Earle and Gardiner ( EG97j ). 

Example 3.2. Fix n > 4 and let I\. 2n be a regular 2n-gon. We assume that Ii 2n 

has two horizontal sides, lengths of the sides are 1 and its vertices are removed. We 

identify each side of H 2n with the opposite parallel side by an Euclidean translation 

(see Figure [3|) and denote the resulting surface by P 2n . We induce an unique 

conformal structure on P2 n such that the quadratic differential dz 2 on the interior 

of n 2 „ extends to a holomorphic quadratic differential ip 2n on P 2n . If n is even, then 

P 2n is a Riemann surface of type (f , 1) and if n is odd, then P 2n is a Riemann surface 

f-n-i \ 7 — > ( cos- — sin- \ , _ / 1 2 cot t?- \ 

of type (V.2). Now R 2n = f ^ J and T 2n = ^ Q x 2 " J 
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o > 1 


1 » t 


* — ^ — 1 





— • 




Figure 2. 



induce elements in Af f + (P 2n , fin)- The action of i?2n on is the rotation 
about the center of Il2„ of angle — . To see the action of T^ n on P2 n , we cut Pin 
along all horizontal segments which connect the vertices of Il2„ . If n is even, P2« 
is decomposed into § cylinders and the action of T2 n is the composition of the 
square of the right Dehn twist along a core curve of the cylinder which contains the 
center of T\ 2n and the right Dehn twists along core curves of the other cylinders. 
If n is odd, P 2n is decomposed into cylinders and the action of T 2n is the 
composition of the right Dehn twists along core curves of all cylinders. Thus T = 
([i?2n], Pan]) is a subgroup of the Veech group T{P 2n ,f2n)- It is easy to see that T is 
a (n, oo, oo ) triangle group. Since only discrete group that contains Y is a (2, 2n, oo) 
triangle group (see |EG97j and |Sin72j ) and this cannot be Y(P 2n , f2n), we have 

Y(P 2n ,<P2n) = ([RlnhiTln])- 




Figure 3. 



4. Veech groups of coverings of P 2n and Universal Veech group of P 2n 

Fix n > 4. Let P2„ be the same Riemann surface as in Example 13.21 and 
p : X — > P 2n be an unramified finite covering mapping. Set ipx — p*<p 2n , here 
ip 2n is the holomorphic quadratic differential on P271 defined in Example 13.21 Our 
purpose is to calculate the Veech group Y(X, ifix)- We denote Y(X,ipx) by Y(X) 
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hereafter. Schmithiisen constructed an algorithm for calculating Veech groups of 
origamis ( Sch04 ). We apply her method to our case. 

Let p 2n ■ X 2n — > Pin be the universal covering mapping and set ip 2n = P^nVin- 
Note that ||^2n|| = +00. However, we can define the flat structure u^ 2n on X 2n 
and the affine group Af f + (X 2n , <P2n) in the same manner as the case of inte- 
grable holomorphic quadratic differentials. Moreover, we have a homomorphism 
D : Aff+(X 2n , &2n) -> PGL(2, M). Set T(X 2n ) = Im(£>) n PSL(2, R). 

Definition 4.1 (Universal Veech group of Pin)- We call T(X 2n ) the universal Veech 
group of P 2n . 

Remark. Let X be an unramified finite covering of P 2n . Then for each / E 
Aff+(X,(p x ), there exists a lift / e Aff+(X 2n , <p 2n ) with D(f) = £>(/). Hence 
T(X) is a subgroup of T(X 2n ). 

The following idea is due to Schmithiisen ( |Sch04j V For each finite covering 
X of P 2n , we take T(X) as follows. 

T(X) ={[A] G T(X 2n ) I 3/ G A//+(V 2 „,^ 2n ) s.t. £>(/) = [A], / is a lift of a 
homeomorphism of X onto itself j> 

= { [A] g T(X 2n ) I 3/ G Aff+(X 2n ,!p 2n ) s.t. £>(/) = [A],/*(Gal(X 2 „/X)) = 
Gal(X 2n /X) }. 

To understand T(X), we determine T(X 2n ). The following theorem is a main 
theorem of this paper. 

Theorem 4.2. For all n>4, T(X 2n ) = ([R 2n ], [T 2n ]) = T(P 2n ). 

For the proof of theorem, we represent A G SL(2,R) by 

rcosa(A) s cos /3(A) 
rsina;(A) s sin. [3(A) 

for some r, s > and a(A),/3(A) with < a(A) < /3(A) < 2tt. And set 6(A) 

13(A) - a(A). This 6(A) means the angle of A^ * ^ and A^ ® 

The following two lemmas give the proof of the theorem. 

Lemma 4.3. For [A] G T(X 2n ) with | cot 0(A) | > cot there exists k, I G Z suc/i 
toot I cot 0(A) I > |cot6»(T^„i?f n A)|. 

Lemma 4.4. For [A] G T(V 2 „) wif/i | cot#(A)| > cot^-, there exists B G (R 2n ,T 2n ) 
such that cot ^ > I cot6»(BA)|. 

Proof of theorem 14.21 r(P 2 „) C T(X 2n ) is clear since T(X 2n ) is the uni- 
versal Veech group of P 2n . We show T(X 2n ) C T(P 2n ). By Lemma POl for each 
[A] G r(V 2 „), there exists [B] G ([P 2n ], [T 2n ]) such that 

cot^- > I cot 6(BA) I . 

If we map Qi of Figure|4]by an affine transformation BA, the image is parallelogram 
whose vertices correspond to vertices of 2n-gons and which has no such points in 
its interior. Moreover, it has the same area as Qi and each angle 6 of its vertices 
satisfies 7r/2n < 6 < ir — n/2n. We can see that such parallelograms are only 



A 
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Qi,Q2,Q3 and Qa of Figured] up to the image of them by [i?2n] and p2 W ]. Then 
BA is either 




Figure 4. 



PROOF of Lemma [4~5l We consider two cases : (a) cot 8(A) > cot and (b) 
- cot 9(A) > cot ^ 

Case (a) : There exists k £ Z such that B — Bi^ n A satisfies either < a(B) < 
or 7r — ^- < a(B) < ir. We define the function 

2n 2n — V ' 



•?KB) ( x_ 4rnt 2^ sin /3(g) sin q(B) , 
a(B)W- 4cot 2n sin(/?(B) - a(B)) X 



ir sva(B(B) + a(B)) „. , 

+2 cot ^ • x + cot (9 B) 

2n sin(/3(B) - a(B)) V 7 

of x G R. Note that F^(l) = cot (P(T l 2n B) - a(T l 2n B)) = cot 6(Ti, n B) for each 
J G Z. 

(a)-l : If < a(B) < there exists / £ Aff+(X 2n , & n ) with £>(/) - 
[B]. And / maps the rectangle Qi of Figure 0] to a parallelogram whose vertices 
correspond to vertices of 2n-gons and which has no such points in its interior. Hence 
we have < a(B) < /3(B) < From this, if a(B) = 0, then 

F$ {B) (x) = 2 cot ^ ■ x + cot 6>(B) 
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and 

F o ^(-l) = -cot^ + cot0(B)>O. 
So there exists a negative integer I such that 

\F^ B) (l)\ < \F^ (B) (m)\ for all me {0,-1,-. -,1 + 1,1-1}. 
Now we have 

|cot0(A)| = |^ (B) (0)| > |if (B) (0I =\cot9(Ti n R§ n A)\. 
If < a(B) < /3(B) < then F^} B )(x) is a quadratic function of x and the axis 



a(B) 



ofP 8 f?i S 



cota(-B) + cot /3(B) 1 
4cot^ <_ 2 



and 



Hence there exists a negative integer ^ such that 

< l< ( f)V)l for all m € {0,-1, • • •, I + 1, 1 - 1}. 
And we have | cot 0(A) | = |^g(0)| > \F^](l)\ = I cot0(Tj n ^ n A)|. 

(a)-2 : If 7T - f- < a(B) < tt, we have tt - f- < a(B) < /3(B) < tt and 



F' 



(B) W ~ ^ (71— /9(B)) \ ■ L >- 



By using the argument of (a)-l, we have | cot 9(A) \ > | cot0(T , 2 n i?f r! A)| for some 
I e Z. 

Case (b) : We apply the same argument as in the Case (a) to the angle of two 
vectors a( M and a( ^ V Then we have | cot 0(A) | > | cot 0(T 2 ! „-R§ n A)| for 
some k, I e Z. □ 

PROOF of Lemma IPl Let [A] be an element in T(X 2n ) with |cot0(A)| > 
cot ^. From the proof of Lemma [4~3| we obtain Ax = T^R^A with | cot0(A x )| < 
| cot 9(A)\ for some k\ € Z and Zi G Z— {0}. If | cot 0(Ai)| > cot j-, then we obtain 
A 2 = T^E^Aj with |cot0(A 2 )| < |cot0(A x )| for some k 2 ,l 2 G Z - {0} from the 
proof of Lemma T4.3I again. We repeat this operation. If there exists rn € N such 
that cot j- > |cot0(An o )l holds, then B — A^A^ 1 is what we want. Suppose 
that | cot 0(A m )| > cot j- holds for every m G N. Then we have an infinite sequence 
{A m \ in (R 2n ,T 2n ) ■ A with | cot0(A TO _i)| > |cot0(A m )| > cot ^ for all m. We 
represent A m by 



-4, 



r m cos (x rn s rn cos p n 
1 m 

sin a m s m sin /3 7/ 



for some r mi s m > and < a m < /3 m < 27r with r m s m sin(/3 m — a m ) = 1. For 
each m, there exists f m G Aff + (X 2n ,ip 2n ) such that D(f m ) — [A m ] and / m maps 
Euclidean segment which connect vertices of 2rt-gons to other segment. Thus we 
have 
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A T; 



> 1 and s m = 



A,. 



> 1. 



Moreover, we have 



1 



< 



1 



sin(/3 m - a m ) sin(/?i - ai) 

Hence {a m }, {/3 m }, {r,„} and {s m } are bounded and there exists a subsequence 
{^4 mi } of {A m } such that A mi converges to some A^ e SL(2,R). Since {A m; } is 
in a discrete set (R 2n ,T 2n ) ■ A , there exists iq G N such that = Aoo for all 
i > iq. However, this contradicts the construction of the sequence {A m }. Hence 
there exists mo 6 N such that cot j- > | cot 8(A ma )\. □ 

5. Calculation of Veech groups 

By theorem 14.21 we can write 



Let X be an unramified finite covering of P 2 
T(X) as follows. 

T(X) = {[A}€ ([R 2n ], [T 2n ]) I 3/6 Aff+(X 2n , s.t. D(f) = [A], 

l(Gal(X 2n /X)) = Gal(X 2n /X) }. 

Let zq be the point of P 2n which corresponds to the center of the 2n-gon H 2n 
as in Example 13.21 and ~zq be one of the preimages of zo in X . Let {xi,x 2i • • • ,x n } 
be the system of generators of TTi(P 2n , zq) as Figure [5j Then R 2n and T 2n define 
the following automorphisms 7_r 2 „ and 7t 2 „ on ni(P 2n , zq) (see Example 13. 2|) . 

Xi i—)- Xi + i (i = 1, 2, • • • , n — 1) 

Xn 1 ^ ^1 



7i?2 



If n is even, 



7T 2 , 



-1 



b n+2- 



n+2- 



(* = 2,3,. 



^ i-> (x n l 2 _iXi) ■ ■ ■ {x n \x 3 )(x n 1 x 2 )x 2 1 x l (i = 2,3,- 
1 ^ (ajn+aZf) • • • (ac~^ 1 X3)(a;^ 1 aJ2)ai?x» + i 

and if n is odd, 

i -I 1 _ i -i n— 1 ^ 



7T 2 „ : S ^ ^ ( X n+l-i X *) ■ ■ ■ { X n~l X 2){Xn l Xl)Xi (« = 1, 2, • 
I y (x^+3 X n=l) ■ ■ ■ (x~_ 1 X 2 )(x~ 1 Xl)x s+1 . 



-) 



r 1 ) 



Since Ga\(X 2n /P 2n ) < Ker(D), Ker(D)/Gal(X 2n /P 2 „) = {[id] L [h n ]} for some h 6 
Af f + (X 2n , fan) with -D(/i) = [i?2n] and each element in Gal(X 2n /P 2n ) defines an 
inner automorphism of Gal(X 2n / P 2n ) = TTi(P 2n , zo), the action of each element of 
Af /+ (X 2n , Lp 2n ) on TTi(P 2n , zo) can be represented by a composition of 7_r 2 „, 7t 2 „ 
and inner automorphisms of TTi(P 2n , zo)- 
Hence we have the following. 

Proposition 5.1. For f 6 Aff + (X 2n ,ip 2n ), following two are equivalent. Here A 
is one of elements in D(f). 

• The mapping f satisfies f*(Gai(X 2n / X)) = G&l(X 2n /X). 

• There exists one of the preimages ~z\ 6 X of Zo such that 

1a(tti{X, z )) = iri(X,zi) or ^^ a (-ki{X,zo)) = ttx{X,Zx). 
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By using this condition, we can determine whether [A] is in T(X) or not for 
each [A] G ([# 2 „],[T 2n ]). 

Now we can calculate the Veech group T(X) of an unramificd hnitc covering X 
of Pm by using the following method. Schmithiisenf [Sch04] ) also use this method 
to the calculations of Veech groups of origamis. The calculation is done on the 
following tree which we explain below. 
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Calculation of r(X)(Reidemeister-Schreier method). 

Given an unramificd finite covering X of i"2n- 
Let Rep and Gen be empty sets. 
Add [I] to Rep. Set A = I. 
Loop: 

Set B = A-T 2n , C= A-R 2n . 
Check whether B is already represented by Rep: 
For each [D] in Rep, check whether [B] ■ [D]^ 1 is in 
If so, add [B] ■ [D]- 1 to Gen. 
If none is found, add [B] to Rep. 
Do the same for C instead of B. 
If there exists a successor of A in Rep, 
let A be this successor and go to the beginning of the loop. 
If not, finish the loop. 

Result: 

Gen : a list of generators of T(X). 
Rep : a list of coset representatives in ([i?2n], p2«]). 

Proposition 5.2. Let X be an unramified finite covering of P 2n - Then we have 
the following properties. 

(1) Any two elements in Rep belong to different cosets. 

(2) The calculation stops in finitely many steps. 

(3) In the end, each coset is represented by a member of Rep. 

(4) In the end, T(X) is generated by the elements in Gen. 

Proof. (1) is clear and we can see a proof of (3), (4) in Sch04 . (2) is 
equivalent to what T(X) is a finite index subgroup of ([R 2n ], [T 2n ])- By the next 
proposition , we conclude that T(X) and r(P2„) = ([.Ran]) p2n]) are commensu- 
rable. Hence T(X) is a finite index subgroup of ([R 2n ], \T 2n ]). Since all elements 
in Rep belong to different cosets of T(X) in ([R 2 n], [T 2n ]), jJRep cannot be greater 
than this index and hence the calculation of T(X) stops in finitely many steps. □ 

For a Riemann surface X and a holomorphic quadratic differential tp, denote 
by C(X, ip) the set of all zeros of ip and punctures of X. 

Proposition 5.3. ( GJ96] and |GJ00j .) Let p : X -> Y be a covering mapping 
between Riemann surfeces. Let (fx be a holomorphic quadratic differential on X 
and set (fiy =P*Px- Suppose that p(C(Y, ipy)) = C(X,tpx) and p~ 1 (C(X,tpx)) = 
C(Y, ify)' Then the Veech groups Y{X,Lpx) and T{Y, ipy) are commensurable. 

Example 5.4. Let X be the covering of Ps as Figure El We calculate the Veech 
group r(X). 

The fundamental group of X is 



7Tl 



(X,Zq) — {x\ , X2 , X4 , X1X3 , X3X1 , X l 1 X2X\ , X 1 1 XiX\) 



Loop 1 : Rep={[7]}, Gen=</>, A = I, B = T 8 , C = R 8 . 

We check [B] ■ [I]^ 1 = [Tg] ; the homomorphism 7t 8 maps the generators 
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B C 
a/ V 



A 



Figure 6. 



of tti(X, zq) as follows 



7T 8 



/■v>2 . i /y.2 

x 2 i-> X4 ^x^ 
X4 I ^ X4 1 X2x\x± 
x\x?, i-> X1X4 X2X1X3 
x 3 xi 1— > x^ 1 x 2 x'lx 3 xi 

X^ X X2X\ H- X^ X X^ l X2x\ X2X1 
X^ l XiX\ H- X^ 1 X^ 1 X2X1X4X1 



By taking z as a base point, all images represent closed curves. Hence 
[T 8 ] is an element in r(Jf ) and add [T 8 ] in Gen. 



Now Rep={[/]}, Gen={[T 8 ]}. 
We check [C] • [I] -1 = [i? 8 ] ; there is no point of X such that 7_r 2?i (x 2 ) = x 3 
or 7-_r 2 „ (2:2) = x^ 1 represent closed curves with the point as a base point. 
Hence [R s ] is not in T(X). We add [R s ] in Rep. 

Now Rep={[i], [R»]}, Gen={[T 8 ]} and Rs is a successor of A = I 
and is in Rep. We set A~R S . 
Loop 2 : Rep={[7], [Rs]}, Gen={[T 8 ]}, A = R 8 , B = R 8 T S , C = R%. 
We check [B] ■ [I]- 1 = [R&T & ] ; it is not in T(X). 

We check [B] ■ [Rs] -1 = [RsTsR^ 1 ] ; the homomorphism 7 flsT - 8 ^-i is the 



form 



1 : < 



—2 —1 —1 
X\ I y X^X 2 X3 

x 2 i-> x 2 

X3 I ^ X1X3X2X3 



X4 h-> X1X3X 2 X4 
and maps the generators of iri(X,z~o) as follows 

2 —2 —1 —2 —1 —1 

X ' ^ X\X^ *^2 *^ 1 



7r 8 t 8 .r 



-1 : < 



x 2 1 ^ x 2 

X4 1 y X1X3X2X4 

X1X3 i-> X1X3 

X3X1 h-> XlX^X^X^XlX^ 2 x^ 1 x^ 1 

Xi X2X1 n- X1X3X2X1 X2X1X2 X3 x^ 

X^ X X4Xi h-> XiX3X 2 X3X 2 X4XiX 2 ~ 2 X 3 ~ 1 x:f 1 
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By taking zq as a base point, all images represent closed curves. Hence 
[RsTgR^ 1 ] is an element in T(X) and add [RsTsR^ 1 ] in Gen. 



Now Rep={[I], [R 8 ]}, Gen={[T 8 ], [R S T S R^]}. 
We check [C] ■ [I] -1 — [Jif] ; the homomorphism jn 8 maps the generators 
of ni(X, zq) as follows 



x\ 

X2 



1' 



X4 
Xa. ' — r 

X1X3 H- H^xf 1 
£3X1 1 y X 1 " 1 X3 

X2X1 M> £3 2:43:3 

Xi X4X1 1 — y X% X2 X3 



By taking zq as a base point, all images represent closed curves. Hence 
[Jig] is an element in T(X) and add [Jif] in Gen. 
We check [C] ■ [R^ 1 = [R s ] ; it is not in r(X). 

Now, Rep={[J], [i? 8 ]}, Gen={[T 8 ], [RgTsRg 1 ], [Rj]} and there is no 
successor of A = Rs in Rep. We finish the loop. 

Result : Rep={[7], [R 8 ]}, Gen={[T 8 ], [i? 8 T 8 i?g l ], [Jig]}. 



As a result, r(X) 
is {[I], [R S ]}. 



([T 8 ], [_R 8 T 8 _R 8 *], and coset representatives in ([Rs], [T 8 ]) 



Remark. In the case of origamis, Schmithiisen showed that the calculations always 
stop by connecting the Veech groups of origami with subgroups of SL(2,Z)(see 
Sch04 ). In our case, for certain Abelian coverings of 2n-gons, we connect the 
Veech groups with subgroups of SL(n, Z^) and calculate the Veech groups by using 
the corresponding matrices. It is seen in section [7] 

6. Calculation of M/T(X) 

Let X be an unramificd finite covering of Pin- Assume that the calculation 
of T(X) by the Reidemeister-Schreier method stopped. Then Gen is a list of 
generators of T(X) and Rep is a list of coset representatives in ([i?2n], p2n])- 

Let D be the fundamental domain of ([i?2n], p2 n ]) in H as Figure [3 Then 

F = Int( |J [A] (D)) 

[A]eRep 

is a fundamental domain of T(X). Here [A] means a Mobius transformation. 

By reading Gen, we can know all pairs of sides of F which are identified by 
the action of T(A). We call sides of [A](J?) which correspond to (— cot^,i), 
(cot^,i), (— cot^,«oo) and (cot^ioo) the J?~ 1 -side, the Ji-side, the T _1 -side 
and the T-side of [A], respectively. 

Proposition 6.1. Assume that Rep = {[Ai], [A2], ■ ■ ■, [A/.]}. Then for each i,j g 
{1,2,- --k}, 

• The T-side of [Aj] and the T~ 1 -side of [Ai] are identified if and only if 
[AjTznAr^eTiX). 
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D 


n 





cot 



2)1 



tan ^- tan 



2n 



cot 



2,1 



Figure 7. 



• The R-side of [Aj] and the R 1 -side of [Ai] are identified if and only if 
[A j R 2n Ar 1 ]eT(X). 

We give a triangulation of H/r(Jf) by decomposing D as Figure |U Then the 
number of triangles and sides are 2 • (JRep and 3 • jJRep, respectively. Moreover, we 
can calculate the number v of vertices by using Proposition 16. II When we calculate 
v, we decompose v as v — + v cot + v conc . Here Voo is the number of vertices 
corresponding to oo of D, v co t is the number of vertices corresponding to ±cot 
of D and v conc is the number of vertices corresponding to i of D. Then M/T(X) 
has genus (2 + (JRep — v)/2 and + v cot punctures. We can also calculate the 
number of cone points and their orders in the calculation of v cone . 



cot 



tan TT- tan ^~ 

2n w 2n 



cot 



2,i 



Figure 8. 



Example 6.2. Let X be the Riemann surface as Figure |5J At the end of the 
calculation of T(X), we have Gen={[T 8 ], [flgTgi?^ 1 ], and Rep={[J], [R s ]}. 
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Since [Tg] = [I ■ Tg ■ I" 1 ] is in T(X), the T-side of [I] and the T^-side of [I] are 
identified by T(X). In the same way the T-side of [Rg] and the T _1 -side of [Rg] 
are identified and the i?-side of [Rg] and the i? _1 -side of [I] are identified. Hence 
M/T(X) has no genus, three punctures and one cone point with order 2 (see Figure 

U). 




Figure 9. 



7. Veech groups of Abelian coverings 

In this section, we show that the calculation of Veech group T(X) by the 
Reidemeister-Schreier method always stops if X is a finite Abelian covering of P2„. 
And we show that the calculations of Veech groups of certain Abelian coverings can 
be done by using the corresponding subgroups of SL(n, Z^). 

Recall that if is a finite index subgroup of ([i? 2rl ], p2n]), then the calcula- 
tion of r(A) stops by the proof of Proposition [521 We have a partial answer about 
the stop of calculations. 

Theorem 7.1. Let X be a finite Abelian covering of Pm, that is, X is a finite 
Galois covering of P2 n and Gal(A/P 2 „) is an Abelian group. Then the calculation 
ofT{X) stops. 

Proof. Recall that z$ is the point of P2n which corresponds to the center 
of the 2n-gon Il2 n as in Example 13.21 and zo £ X is one of the preimages of Zq. 
Since X is a Galois covering, for each w G Gal(A2 n /P2n) — (xi,X2, ■ ■ -,x n ), w is 
in 7ri(X,zo) if and only if w is in m{X,~z~i) for all zi € X. Hence [A] is in T(X) if 
and only if j A or fix kx(X,z ) for eachL4] e ([-R 2 «], p2„]}. 

As Gal(V/P2n) — 7Ti(p2n, z o) / ^1 (X , Zq) is an Abelian group, XiXj = x~Jxl and 
X i X j — X j X 2 * U) for some w £ tti(X, Zq). Moreover, set d = lcm{ord(a;i), ord(x2), • • 
■,ord(x n )} , then xf € tti(X,J 1 ) for all i and all zi el. 

Set (ei, e2, e2n) = Im- We consider the homomorphism v : Gal(A2„/P 2 „) — > 

;ii i-> ei. Then there exists a homomorphism $^ : {^TiIr) - > SL(n, Zd) such 



VEECH GROUPS OF FLAT STRUCTURES ON RIEMANN SURFACES 



15 



that the following diagram is commutative. 



— -y 4 ~_ 

Ga\(X 2n /P 2n ) Ga\{X 2n /P 2n ) 



z „ **W 



Set V = i/friPW). For each [A] g ([i? 2 „], [T 2n ]), if [A] satisfies $ d (A)(V) = V, 
then [A] g T(X). 

Now we conclude that jj Rep < t(SL(n, Z^) at every step of the calculation. 
Suppose that JJ Rep > jJSL(n, Z<j) happens at some step of the calculation. Then 
there exists two distinct elements [A] and [£?] in Rep such that $d(A) = $d(-B). 
Since ^(AB -1 ) = I n stabilizes V, is in r(X). However, since [A] and [B] 

are distinct elements in Rep, [A] ■ [B]^ 1 is not in T(X). This is a contradiction. □ 

From the proof of theorem l7.1[ we have the following. 

Corollary 7.2. Let X be a finite Abelian covering of P 2n . If there exists d g N 
such that {ord(xi), ord(a; 2 ), • • •, ord(a; n )} = {d} or {l,d}, then [A] e T(X) if and 
only if $ d (A)(V) = V for each [A] g ([R 2n ], [T 2n ]) . 

Example 7.3. Let X be the covering of P% the same as Figure [6] Then X satisfies 
the assumption of Corollary 1 7. 2 1 The fundamental group of X is 

TTl(X.Zo) = (X 1 , X 2 , X4 , XlX 3 , X3X1 , x^ 1 x 2 xi , X± X4X1) 

and 

V = (e 2 , 64, e\ + e 3 ) Z2 . 
By Corollary £1 for [A] g ([i? 8 ], [T 8 ]), [A] is in r(X) if and only if $ 2 (A) satisfies 
the followings : 

$ 2 (A)i,i + $2(^)3,1 + $2(^)1,3 + $2(^)3,3 = (mod 2) 
$2(^)1 j + * 2 (A) 3 j = (mod 2)(j = 2,4). 

8. Examples. 

Finally we show some examples of Veech groups that are calculated by the 
method of this paper. 

Example 8.1. Let X be the double covering of P$ as Figure [TO] Then X is a 
Riemann surface of type (3, 2). Set R = [R 8 ], T = [T 6 ]. Then 

• For [A] g (R,T), [A] is in T(X) if and only if $2(^)1,3 = (mod 2) (j = 
2,3,4), 

• r(x) 

= /t, rt 2 r- 1 ,rtrt 2 (rtr)~ 1 , (RT) 3 (RTRTR)^ 1 , 

{RT) 2 R 2 T{RTR 2 )~ 1 , {RT) 2 R 3 T{RTRTR 3 )~ l , 
RTR 2 T{RTRTR 2 )~ 1 , RTR 3 T 2 (RTR 3 )- 1 , 

RTR 3 TR, R 2 TR- 2 , R 3 (RTR 3 T) - 1 ) , 



.r(x)\(i?,T) 

/, i?, i? , RTR, RTRT, RTR , RT RT R, 
RTRTR 2 , RTRTR 3 , RTR 3 , RTR 3 T 



and 
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• W/T(X) is a Riemann surface of type (0, 11). 




Figure 10. 



Example 8.2. Let X be the covering of P§ as Figure [TTJ Then X is a Riemann 
surface of type (5,4). Set R = [R 8 ], T = [T 6 ]. Then 

• For [A] G (R,T), [A] is in T(X) if and only if $4 (A) satisfies the followings 



(M A )i,2 - $ 4 (A) M ) = J2 (MA)i,2 - *4(A)i,i) (mod 4), 

i=l i=3 
2 4 

J] (*4(^)i,i + *4(^)w) = E + **(^)«) (mod 4)0? = 3,4), 



i=3 



• r(x) = {t,r 2 {rt)- 1 ,rt 2 R' 1 ,rtrt(rtr)-\rtr 2 }, 

• rpf) \ (R, T) = {I, R, RT, RTR} and 

• H/r(X) is a Riemann surface of type (0, 5). 




Example 8.3. n > 2. Let ^4„ be the double covering of Pn n as Figure [T2l That 
is, X in is constructed by gluing two regular 4n-gons. Labels of small and capital 
letters appear in turn. The sides whose labels are capital letters are identified with 
the opposite sides of another polygon and others are identified with the opposite 
sides of the same polygon. Then X± n is a Riemann surface of type (2n — 1,2). 
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• For [A] e ([Rin], [Tin]), [A] is in T{Xi n ) if and only if $ 2 (A) satisfies the 
followings : 

n 

2*2(i4) 2i -i,2j = (mod 2)(j = 1,-- .,n), 

n 

X) (*a(^)jM-i,i + *a(-A)2i-i,«-i) = (mod 2)(j = 2, • • •, n), 

i=l 

• r(X4„) = (p47»], [^4n74„i? 4ra 1 ], [i?4„]), 

• T(X 4n ) \ ([R in l [T^]) = {[I], [Rin]} and 

• M/T(X4 n ) is an orbifold which has no genus, 3 punctures and one cone 
point whose order is n. 




Figure 12. 



Example 8.4. For each n > 2, let X^ n be the double covering of Pi n as Figure 
fT3l That is, horizontal and vertical sides of two polygons are identified with the 
opposite sides of another polygon and others are identified with the opposite sides 
of the same polygon. Then X& n is a Riemann surface of type (2n — 1,2). 

• For [A] € ([Rin], [Tin]), [A] is in r(X 4 „) if and only if $ 2 (A) satisfies the 
followings : 

f $a(-A)i,i + $aCA)n+i,i + ®2(A) n +i,i + $ 2 ( J 4) n+1 , n+ i = (mod 2), 
1 4a(A)ij + «a(AWijsO (mod 2)(j = 2, • • •, n, n + 2, • • •, 2n), 

. r(X 4n ) = ([E^T^i?^], [i?J„] 1 1 = 0,1,-- -,n- 1), 

. r(X 4 „) \ ([Ri n ], [Ti n ]) = {[I], [Rin], • ■ •, K 1 ]} and 

• H/r(X4„) is an orbifold which has no genus, 2n + 1 punctures and one 
cone point whose order is 2. 
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Figure 13. 



Example 8.5. Let Xd be the covering of Pg with degree d as Figure [T4l Then Xd 
is a Riemann surface of type (d + 1, d). And , for [A] € ([Rs], Ps]), [A] is in T(Xd) 
if and only if &d(A)i.j = (mod d)(j — 2,3,4). The next is a chart about Veech 
groups r(Xd). Here, 

• jj Rep is the index of T(X d ) in ([R s ], [T 8 ]>, 

• jj Gen is a number of generators of r(JQ) by this calculation, 

• "genus" is the genus of W/T(X d ), 

• "puncture" is the number of punctures of M/T(Xd) and 

• "cone point (order)" is the number of cone points of M/T(Xd) and their 
orders. 




Figure 14. 
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Example 8.6. Let Xd be the covering of P& with degree d as Figure fT5l Then Xd 
is a Riemann surface of type (d+ 1, d). And, for [A] € ([Rs], Ps]), [A] is in T(Xd) if 

4 

and only if ^ ($d(A) id - ®d(A) it i) = (mod d){j = 2,3,4). The next is a chart 
about Veech groups T{Xd). 




Figure 15. 
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